In this paper, we show a stability property of mean curvature vector fields of codimension-one foliations with respect to small perturbations of the given codimension-one foliation. This is an extended form of D. Sullivan's result: If a codimension-one foliation is geometrically taut then any foliation sufficiently close to the foliation is also geometrically taut.
A Stability Property of Mean Curvature Vectors
of Codimension-One Foliations
Introduction
Let M be an oriented closed manifold and F be a transversely oriented codimension-one foliation on M. A smooth function f (resp. vector field X) on M is said to be admissible if there is a Riemannian metric g of M so that f (resp. X) is the mean curvature function (resp. mean curvature vector field) of F with respect to g. In [4] , the author gave a characterization of admissible functions of codimension-one foliations, and in [5] , he also gave a characterization of admissible vector fields of codimension-one foliations on M.
In this paper, we show a stability property of the mean curvature vector field H of F with respect to small perturbations of the given codimension-one foliation F . This is an extended form of D. Sullivan's result [8] : If a codimension-one foliation is geometrically taut then any foliation sufficiently close to the foliation is also geometrically taut. Here ''geometrically taut'' means that there is a Riemannian metric g of M so that every leaf of F is a minimal hypersurface of ðM; gÞ. In our case, simply letting H ¼ 0, we get Sullivan's result.
We shall give some definitions, preliminaries and the result in Section 2, and shall prove it in Section 3. Finally, as is pointed out in [5] , if the space B þ PðX; F Þ in the conditions of Theorem O in Section 2 would be closed, our argument could be made simpler. But, in general, this does not hold. This will be shown in Section 4 by constructing a foliation on T 2 . The author would like to thank the referees for having pointed out several mistakes in the first manuscript and for the valuable comments.
Preliminary and Result
In this paper, we work in the C 1 -category. In what follows, we always assume that foliations are of codimension-one and transversely oriented, and that the ambient manifolds are closed, connected, oriented and of dimension n þ 1 ! 2, unless otherwise stated (see [2, 9] for the generalities on foliations). When we consider small perturbations of foliations, we consider the topology on the set of C 1 -foliations by taking the C 1 -topology on the space of sections from M to the Grassmann bundle of all n-planes of the tangent space to M at each point. As r ¼ 1 in this case, this topology coincides with the one introduced by Epstein [1] .
Let g be a Riemannian metric of M. Then there is a unique unit vector field orthogonal to F whose direction coincides with the given transverse orientation. We denote this vector field by N. Orientations of M and F are related as follows: Let fV 1 ; V 2 ; . . . ; V n g be an oriented local frame of F . Then the orientation of M coincides with the one given by fN; V 1 ; V 2 ; . . . ; V n g.
We denote the mean curvature of F at x with respect to g and N by h g ðxÞ, that is,
where h; i means gð; Þ, r is the Riemannian connection of ðM; gÞ and fE 1 ; E 2 ; . . . ; E n g is an oriented local orthonormal frame of F . The vector field H g ¼ h g N is called the mean curvature vector of F with respect to g. A smooth function f on M is called admissible if f ¼ Àh g for some Riemannian metric g (cf. [4, 10] ). We also call a vector field X on M admissible if X ¼ H g for some Riemannian metric g. A characterization of admissible functions of codimension-one foliations is given in [4] (see also [10] ). We shall recall the characterization of admissible vector fields given in [5] . Define an n-form F on M by
where fE 1 ; E 2 ; . . . ; E n g is an oriented local orthonormal frame of F . Note that the restriction F jL is the volume element of ðL; gjLÞ for a leaf L of F . Recall the set-up by Sullivan [8] . Let D p be the space of p-currents, and D p be the space of differential p-forms on M with the C 1 -topology. It is well known that D p is the dual space of D p (cf. Schwartz [6] ). Let x 2 M and fv 1 ; . . . ; v n g be an oriented basis of F x . We define the Dirac current v 1^Á ÁÁ^v n by
and set C F to be the closed convex cone in D n spanned by Dirac currents v 1^Á ÁÁ^v n for all oriented bases fv 1 ; . . . ; v n g of F x and x 2 M. We denote a base of C F by C F , which is an inverse image ' À1 ð1Þ of a suitable continuous linear functional ' : D n ! R. It is known that the base C F is compact if ' is suitably chosen (see Sullivan [8] ). In the following, we assume that C F is compact.
Let X be a vector field on M. Denote by PðX; F Þ the closed linear subspace of D n generated by all the Dirac currents XðxÞ^v 1^Á ÁÁ^v nÀ1 with v 1 ; . . . ; v nÀ1 2 F x and x 2 M (see [7] for more details), where XðxÞ^v 1^Á ÁÁ^v nÀ1 is defined by
Let @ : D nþ1 ! D n be the boundary operator and set B ¼ @ðD nþ1 Þ. A characterization of admissible vector fields for codimension-one foliations given in [5] is the following.
Theorem O For a vector field X on M, the following two conditions are equivalent.
(1) X is admissible.
(2) There are a volume element dV, a non-vanishing vector field Z transverse to F whose direction coincides with the given transverse orientation of F , a smooth function f on M, and a neighborhood U of 0 2 D n such that
Note that the conditions (ii) and (iv) in this theorem mean that the function f is admissible. In the case when X 0, these conditions become C F \ B ¼ ;, which is equivalent to the 'geometric tautness' of F . If the space B þ PðX; F Þ would be closed, then the existence of U would not be needed, and it would be easier to use this characterization. But, in general, this is not true. In Section 4, we shall give an example of one-dimensional foliation F on T 2 , whose space B þ PðX; F Þ is not closed. Now we state our main result, which is an application of Theorem O.
Theorem Let X be an admissible vector field of a codimension-one foliation F , then X is also admissible for codimension-one foliations F 0 whose tangent planes are sufficiently close to that of F .
As a corollary to this theorem, we have the following result for admissible functions.
Corollary. If f 2 C ad ðF Þ and F 0 is sufficiently close to F , then f 2 C ad ðF 0 Þ, where C ad ðF Þ is the set of all admissible functions of F on M.
Proof of Theorem
Let X be an admissible vector field of F . In order to see that X is also admissible for F 0 near F , we show that the conditions in Theorem O are satisfied for X and F 0 . To do this, we choose a Riemannian metric g on M so that X is the mean curvature vector field of F . Let N be the unit vector field orthogonal to F , F be the n-form defined as in Section 2, and dV be the volume element of ðM; gÞ. Note that X ¼ ÀfN and d F ¼ fdV. As the n-form F is a continuous linear functional D n ! R due to the duality of Schwartz, and C F \ À1 F ð1Þ is easily seen to be compact, we can take C F \ À1 F ð1Þ as the base C of the cone C F . Take a neighborhood V of the origin as V ¼ À1 F ð À "; "½Þ for sufficiently small " > 0.
We take f , Z ¼ N, dV and U ¼ V and show that the conditions are also satisfied for F 0 . The conditions (i) and (ii) are clearly satisfied by definition. Now we show that PðX; F 0 Þ ¼ PðX; F Þ. This clearly implies that the condition (iii) for F 0 is also satisfied. 
. We show that the set C 0 is also compact, thus, is a base of C F 0 . To see this, as the set C 0 is closed, we need only to show that C 0 is bounded. This is done if we can show that the set ðC 0 Þ & R is bounded for any fixed n-form on M (cf. Schwartz [6] , Sullivan [8] ). Let m be the maximum value of on any unit n-vector (with respect to g) of M. In the following, we denote v 1^Á ÁÁ^v n by v 1^Á Á Á^v n for simplicity. For v 1^Á Á Á^v n 2 C 0 , we can choose an orthonormal basis fe 1 ; . . . ; e n g of F x and real numbers a 1 ; . . . ; a n such that
iÀ1 a i N^e 1^Á Á Á b e i e i Á Á Á^e n þ e 1^Á Á Á^e n ;
where b e i e i denotes the elimination of e i from N^e 1^Á Á Á^e n . As F 0 is close to F , we may assume P n i¼1 ja i j < for sufficiently small > 0. Thus, we have
Next consider a finite sum c ¼ P
As the set of elements of the form of finite sums are dense in C 0 , ðC 0 Þ is bounded. Therefore the set C 0 is compact. Now we show that for V ¼ À1 F ð À "; "½Þ we have
By the above argument, as C and C 0 are contained in
. By the definitions of V and U, we have C 0 & C þ V, and, thus,
This completes the proof.
Note that, from the above proof, PðX; F Þ ¼ PðX; F 0 Þ follows whenever F 0 is transverse to N, which is the unit vector field orthogonal to F with some Riemannian metric g of M. Thus, in order to prove stability property, we need only to show the condition (iv) of Theorem O. To do this, we need to assume the existence of the neighborhood U at the origin O 2 D n , which seems to be superfluous. However, we can not eliminate this condition as is shown in the the next section.
A Concluding Remark
As is pointed out in [5] , if the space B þ PðX; Þ in the conditions of Theorem O in Section 2 would be closed, our argument could be made simpler. But, in general, this does not hold. In this section, we give an example which shows that the space PðX; F Þ þ B is not closed.
Let T 2 be a two dimensional torus with the canonical coordinates ðx; yÞ, and F be a foliation given by fS 1 Â fyg j y 2 S 1 g. We consider the first S 1 -factor as the quotient ½0; 2=f0 $ 2g. Define a vector field Z on T 2 by Z ¼ h hðxÞ@ x þ @y, where h : ½0; 1 ! R is a smooth function satisfying the conditions hð0Þ ¼ hð1Þ ¼ 0 and hðxÞ > 0 for x 20; 1½, and h h is defined by h hðxÞ ¼ hðxÞ for x 2 ½0; 1 and h hðxÞ ¼ Àhð2 À xÞ for x 2 ½1; 2. We further assume that h is chosen, if we regard Z as a foliation, so that the holonomy groups along the leaves f0g Â S 1 , f1g Â S 1 are infinitely tangent to the identity maps. Note that Z is invariant under the rotations along the second S 1 -factor. Let t be the one-parameter group on T 2 generating Z. Consider the closed interval I ¼ ½1=2; 3=2 Â f0g & S 1 Â S 1 , and set c k ¼ f t ðxÞ 2 S 1 Â S 1 j x 2 I; Àk t kg. Note that k ðxÞ 2 S 1 Â f0g for x 2 I and k 2 Z. It follows that @c k is contained in S 1 Â f0g þ PðZ; F Þ. As the holonomy of Z is expanding along f1g Â S 1 and contracting along f0g Â S 1 , it follows that @c k ! S 1 Â f0g ¼ L 0 2 F modulo PðZ; F Þ. As in [5] , we can find a smooth function f on T 2 so that suppð f Þ ¼ T 2 , and X ¼ Àf Z is admissible. Because PðÀ f Z; F Þ ¼ PðZ; F Þ, we have L 0 2 PðX; F Þ þ B. Recall that B ¼ @D 2 . But, as it is clear that L 0 = 2 PðX; F Þ þ B, the space PðX; F Þ þ B is not closed.
